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An analog of the Hilbert Basis Theorem for commutative monoids in tensored abelian cate- 
gories with mild exactness properties is established: in particular a necessary and sufficient con- 
dition for the free commutative monoid on an object to be noetherian is given. A separating 
example to distinguish this condition from the more obvious condition of noetherian-ness of the 
generating object is presented. 
This work arose in answer to a question posed by Manin in a lecture at the 
Universite de Montreal [6]. In that lecture, it was observed that a good deal of com- 
mutative algebra could be carried out in certain tensored abelian categories (notably 
the ‘vector symmetries’ of Lyubashenko [4]), but that an analogue of the Hilbert 
Basis Theorem was lacking. It is our purpose herein to remedy that lack. 
We take as our setting an arbitrary (symmetric) tensored abelian category, A, with 
countable coproducts, and in which the functors - 0 C and C 0 - are countably co- 
continuous (i.e. preserve all countable colimits). For brevity we shall call such a 
category a hilbertian category. 
Examples of such categories include the Tannakian categories of Deligne and 
Milne [2], the vector symmetries of Lyubashenko [4], and R-mod for any commuta- 
tive ring, R (or indeed any sheaf of commutative rings). 
To see what sort of theorem is sought, we must first translate the elements of 
Hilbert’s Basis Theorem into the general setting. 
Definition 1. A commutative algebra in a hilbertian category, H, is a commutative 
monoid in the sense of monoidal category theory (cf. Mac Lane [5]). We denote the 
category of commutative algebras in H by Alg(H). 
Observe that in R-mod this agrees with the usual definition of R-algebras, and 
that in any hilbertian category, H, the monoidal identity, I, has a commutative 
algebra structure with unit id : I+ I, and multiplication Q = A : Z@ Z-t I. 
Definition 2. In any category, an object, M, is noetherian if given any chain of 
quotients of the object 
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there is an N so that n L N implies that the epimorphism A4, + A4, + 1 is an isomor- 
phism. 
Proposition 3. For any hilbertian category, H, theforgetfulfunctor, U: Alg(H) -+ H 
has a left-adjoint, F: H + Alg(H), called the free commutative algebra functor. 
Proof. The proof is essentially an imitation of the classical construction of the sym- 
metric tensor algebra and the proof of its universal property. 
Briefly, one verifies that 
F(X) = Z@X@ S’(X) @ S3(X) @ ... 
with the evident algebra structure has the desired universal property, where S”(X) 
(the nth symmetric power of X) is defined as the colimit of the diagram of all maps 
from X@ ..a @X (n factors) to X@ ... OX (n factors) nameable in terms of 0 and 
components of the commutativity and associativity natural transformations, cr and 
cr (and cr-‘). 
(For details one may refer to the analogous proof for non-commutative monoids 
in Mac Lane [5].) 0 
Stated in this language, the Hilbert Basis Theorem then becomes: 
If R is noetherian (as an object in R-mod) then F(R), or more 
generally F(R”) is noetherian as an object in Alg(R-mod). 
Of course it is hardly our goal to restate the familiar in unfamiliar language. We 
do so to make clear the form of the theorem we are seeking in the general setting. 
The reader will observe that we have nowhere mentioned an analogue of Hilbert’s 
own formulation in terms of finite generation of ideals. In the general setting, there 
is no obvious notion of finiteness beyond that provided by chain conditions of one 
sort or another, so we will have to make do with these. 
We can now state 
Theorem 4 (The Special Hilbert Basis Theorem). If H is any hilbertian category, 
and I, the monoidal identity object, is noetherian as an object of H, then F(I) and 
F(I”) are noetherian as objects of Alg(H). 0 
We will not prove this now, since it will follow from our General Hilbert Basis 
Theorem. 
Notice that there is something unsatisfactory about the Special Hilbert Basis 
Theorem: in a general hilbertian category there will be many objects which are 
intuitively ‘small’ but are not even subquotients of objects of the form I”. We 
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would like a theorem which characterizes those objects which generate noetherian 
commutative algebras (provided, of course, I is noetherian). 
To describe the correct notion of ‘small’ for our purposes we need the following: 
Definition 5. A symmetrically stable chain on an object M in a hilbertian category 
is a sequence of maps 
{A : We) - AiIi,N 
SO that for every ie N, ni+l_ , >n. and there is a commutative diagram, 
~~,(~)@#3(4+,-~,) can S”,+1(M) 
f,Ol 
I 1 
f I+1 
A;@MO(n,+,-n,) P A. 
1+1 
where the top map is the canonical quotient map. 
A symmetrically stable chain is bounded if there exists a K E N so that i > K 
implies that the diagram above is a pushout; any such K is called a bound for the 
chain. 
Our notion of ‘smallness’ is then given by: 
Definition 6. An object, M, in a hilbertian category is stably noetherian if every 
symmetrically stable chain on A4 is bounded. 
We use the following observation in proving the General Hilbert Basis Theorem: 
Lemma 7. M is stably noetherian implies that for all n, S”(M) is noetherian. 0 
Theorem 8 (The General Hilbert Basis Theorem). If H is a hilbertian category, and 
I, the monoidal identity therein, is noetherian, then for any object M, F(M) is 
noetherian as an object of Alg(H) if and only if M is stably noetherian as an object 
of H. 
Proof. ‘If’ The proof of the ‘if’ direction is an essentially direct adaptation of the 
classical proof (see, for example, [l]). 
F(M) = 6 S”(M) 
n=O 
so for any sequence of epimorphisms in Alg(H) 
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Let fi : F(M) + Ai be the map from F(M) to the ith quotient. Note that F(M) is 
naturally graded; let F, be the nth level of the associated filtration. We can produce 
a family of quotients J;., : SN(A4) + Ai,,, g iven by the vertical in the diagram 
0 + FN-1 - FN - SN(A4) - 0 
0 - [ker(J;)nFN]+FN_, c FN - A. 1.N - 0 
where the rows are exact and the other two verticals are the evident inclusion and 
equality. 
Intuitively, the quotient A,,, kills off ‘leading coefficients’ of nth degree elements 
of ker(fi). 
Now for j 2 i we have an obvious commutative square 
while for MIN, the diagram 
FN_, @MOM-N - FN@&f@M-N - S”(M)@II~@~-~ - 0 
0 - [ker(f;) n FM1 + FM_, r FM H A,, - 0 
where the left-most ‘face’ commutes since fi is an algebra map, gives a square 
SN(M)@M-N~ SM(M) 
.h,N@l fi,M 
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Composing squares of these sorts, we have for any j 2 i, A41 N a square 
P(A4) @ A40 M-N can SM(M) 
fi,N@l 
i 1 
fj,M 
Ai,M@M@M-NpA. J,M. 
Now for any n, let 
~(n)=min{~I~~~~~,,=f,,,} 
(such K exist by the preceding lemma), and let 
Q(n) = max{@(m) 1 mln}. 
Observe that @ is a non-decreasing function of n, and that 
Vk 2 Q(n) Vm 5 n fk,,m =fQ(,),,. 
Now consider the symmetrically stable chain 
{f&,,n :W~)+Awz),.ln.. 
and let N be a bound for {fQc,,,.} (such N exists since A4 is stably noetherian). 
Now not only are the diagrams 
SN(M)@M@n-N can S”(M) 
~cJ(N),N@~ 
I 1 
fW,M 
r- 
Aa(Nj,M@M@n-N- A @(n),n 
pushouts for an n 2 N, but for any n 2 N and any a> Q(N), we have that the left- 
hand square in the diagram 
SN(M)@++N can S”(M) + S”(M) 
.fa(~),~Ol 
i 
jIGa jf@cnl.M 
AocNj,M@M@n-N- A c&n -A @(n),n 
is a pushout. (Since the whole rectangle is a pushout, the right-hand square is also. 
But in that case, the bottom right horizontal map is an isomorphism, so the left- 
hand square is also a pushout.) 
Now let J be ker(f,(,,). And for any subobject S of F(M), let S,, denote the 
intersection of S with the nth level of the filtration of F(M). 
We claim that for all a 2 Q(N), ker(f,)/J is isomorphic to a subobject of FN/JN. 
Fix a. Now plainly ker(f,)N/JN iS a subobject of FN/JN. It therefore suffices to 
show for any n > N that ker( f,),/J, is isomorphic to ker(fa)n _ r/J, _ 1. 
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Now consider the diagram 
O-J_ n 1 -F_ n 1 - F,_,/J,_, - 0 
0-J-F n ,, - F,,/J,, - 0 
I I 
0 - J,,/J,_ 
f 
I 
1 - S”(M) 2 A a, n 
- 0 
where the top two rows are exact, and the left two columns are split exact. Note 
that map S”(M) - &(N),~ is &(N),~, since its kernel is J,, + F,, _, . So, by the Five 
Lemma, the map from F,_ ,/J,_ 1 to F,,/J,, is a (split) manic. Thus by the Snake 
Lemma, the bottom row is exact. 
A similar diagram shows that ker(f,),/ker(f,),_, is the kernel of fa,,n. But since 
a 2 @(IV) and n L IV, we have that f,,, = facNj,n. We thus have a diagram 
0 0 0 
0 - J,- 1 - ker(f,),-1 - ker(f,),_,/J,P, - 0 
0-J n 
I 
+ Wf,), -----+ WfaWJn - 0 
I I 
0 - Wfa,,,.> - ker(f,Wer(fJ,-1 -0-o 
where the rows are exact and the columns are split exact. (Only the manic in right- 
most column needs to be checked. This, however, follows by an argument identical 
to that given above.) 
Thus we have ker( f,),/J, is isomorphic to ker (f,), _ 1/Jn _ I, and hence the desired 
result that all ker(fa)/J for a>@(N) are isomorphic to subobjects of FN/JN. 
We thus have an ascending chain of subobjects of FN/JN. But note that by 
duality, Lemma 7, and the observation that the class of noetherian objects in any 
category is closed under finite colimits, this chain of subobjects must be bounded, 
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say by Y. By an application of the Five Lemma, the chain of ker(&)‘s itself must 
be bounded by Y, and thus the chain of quotients of F(M) is bounded. 
‘Only if’ For the converse, let us suppose we have an object, A4, and an un- 
bounded symmetrically stable chain on M, {A : Snd(M) * FI;}~~~. We wish to 
construct an unbounded chain of algebra quotients of F(M). 
We construct an unbounded chain of (graded!) algebra quotients as follows. Let 
& be defined by: if cz<nO: &=lsaCM); if nj<o<nj+i for j<i: 
can 
S”q4) 0 Sa-“q4) - saw0 
J;Ol I r “’ 1 
Aj 0 S”-“‘(M) ,+ Ai,a; 
if ni<CX: 
can 
S”$l4) @F-“‘(M) - Swf) 
AC31 
I r ‘a : 
Ai @ Sa-“Ql) H Aj,u. 
NOW, let fi~@A,~: @S’+@Ai,,. 
We claim that @A,, has an algebra structure for which Fj 
map from F(M) = @ S”(M). 
To see this, we need two lemmas. Notation in these lemmas 
in the ‘only if’ part of the proof. 
Lemma 9. If ir j, then for all (Y we have 
S”(M) --JL+ Aj,, 
Proof. Immediate from the construction of the &‘s. 0 
Lemma 10. For all i, a, and p, we have a pushout square: 
S”(M) @ Sqi4) 
can 
- sa+qzkq 
becomes an algebra 
corresponds to that 
where Q;(y) = max{k 1 kli,yen,}, and @=max{@i(a),@;(P)}. 
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Proof. Both the pushout and A@,a+p satisfy the same (co)universal property: co- 
equalizing all symmetries of X @ a +p, and if @ = @i(o) (resp. if @ = Gi(p)), quotien- 
ting some a (resp. j?) of the factors by A,a (resp. by &). 0 
Applying Lemmas 9 and 10, we get for any i, (Y, and p a commutative diagram 
Sa(A4) @ sqlvq 
can 
H sa+qkq 
We claim that pi,a,B is the multiplication of @Ala restricted to the (Y and /3 
grades. To see this it is necessary to verify the unital, associative and commutative 
axioms, but this is trivial once it is remembered that all of the maps involved are 
epi, and the corresponding diagrams for the P(M)‘s commute. 
It follows from Lemma 9 that @fj,,u factors through& whenever ilj, and thus 
we have a chain of algebra quotients. That this chain is unbounded can be seen by 
observing that for all i, x+l,n,+, is a strictly stronger quotient than A,n,+,. 0 
Observe that as a consequence of Lemma 7, we have the implication ‘stably 
noetherian =+ noetherian.’ Upon first consideration it might appear that the con- 
verse is also true (it being so, for example, in k-V.S. for any field, k); in which case 
we would prefer noetherian-ness as the hypothesis for the general Hilbert Basis 
Theorem. The converse, however, does not hold as the following example illus- 
trates: 
Throughout the following fix a noetherian commutative ring, R, and for any R 
module, X, let XCi, denote the (N-)graded R-module given by X concentrated in 
degree i. 
Definition 11. The binomial tensor, A @binB, of two (IN-)graded R-modules, 
A = @A, and B = @ Bj, is the graded R-module given grade-wise by 
(AObinB)k= @ ’ 0 ArOB,. r+s=k r 
Proposition 12. (Gr R-mod, @bin, Rcoj, a, Q, 13, o) is a hilbertian category, where 
the natural transformations are given as follows: 
Q (resp. ,I) is given on the jth grade by projection onto the summand of the form 
aj @ R (resp. R @ Aj) followed by the appropriate component of Q (resp. A) for the 
monoidal structure on R-mod. a and o are given by using the lexicographic ordering 
on subsets of { 1, . . . , j > to order the summands of the jth grade, and applying a and 
o from the monoidal structure on R-mod to map corresponding summands. 
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Proof (Sketch). Coherence conditions follow from the coherence theorem of 
Laplaza [3] for natural distributivity. Countable cocontinuity follows from the co- 
continuity of @ in R-mod and the exchange of colimits. 0 
Example 13. Consider the object R(i) of (Gr R-mod, @bin, I?&. Then S”(X) is 
RG\. We claim that {f, : S”(X) --H RcnjjnENr where on the nth grade f, is given by 
fn(al, . . . . a,!)=a,+...+a,!, is an unbounded symmetrically stable chain on Rtl). 
Proof of claim. Consider the diagram: 
S”(R(J)) @bin R(1) 
can 
A S”+‘U+,)) 
II II 
(R”!)(n) @bin R(l) _ CR (n+1)9(n+1) 
I 
f,O 1 
R(n) @bin R(L) (n+l)* 
Note that fn+l is never the pushout off, 0 1. 
This example throws some light on the ‘meaning’ of stable noetherian-ness, and 
suggests the following (where Gr-Alg(H) is the category of (N-)graded algebras in 
H): 
Corollary 14 (algebras-only version of the general HBT). If H is a hilbertian cate- 
gory, and I is noetherian in Alg(H), then F(M) is noetherian in Alg(H) if and only 
if it is noetherian when considered as an object in Gr-Alg(H) with its usual grading. 
Proof (Sketch). Interpret stable noetherian-ness as a condition on the grade-wise 
behavior of a sequence of graded algebra homomorphisms on F(M). 0 
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